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Abstract 
Abhyankar had shown that in order to solve the Jacobian Conjecture, it suffices to rule out the 
existence of Jacobian pairs with mixed leading form. Assume that such a pair {,f,g} exists. Fol- 
lowing Abhyankar, consider the Laurent series expansion of {f,g} at infinity. Part of the coeffi- 
cients of the series becomes invariants of certain group action. We also obtain several old results 
proved by Moh by investigating the associated group action. @ 1997 Elsevier Science B.V. 
1991 Math. Sul~j. Cluss.: 14B05, 14L30 
1. Introduction 
Let f’, g E C[x, y] be two polynomials with Jacobian a non-zero constant. Denote by 
JX,Y(f, g) the Jacobian determinant of f and g. The well-known Jacobian conjecture 
states “If J&‘, y) is a non-zero constant, then C[X, y] = C[f’, g]“. For a survey of the 
Jacobian problem, we will refer the readers to [3]. One of the most effective approaches 
for this problem is the study of the characteristic data of the two polynomials {f,g} 
[4]. We will introduce them for the convenience of the interested readers. 
After the contribution of Abhyankar, Moh, Nagata et al., the solving of the Jacobian 
conjecture has been reduced to rule out the existence of the following pair with mixed 
leading forms: 
g = (X + y)py”-p + lower degree terms, 
J’ = (X + ~)~y”~~ + lower degree terms, 
where 0 < p < n, (n - p)/p = (m - q)/q and J&f,g) = non-zero constant. 
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Suppose that the above Jacobian pair of mixed type exists. Following Abhyankar 
and Moh we consider the expansion of {f‘, g} at 3~: as follows [4, pp. 149%1511. Ana- 
lytically, let C[x]((r])) denote the ring of Laurent series with variable ye and coefficients 
in C[x]. If 
q = y(x, y>-1’” = ,v-’ + a*(x)p + ‘. E c[xJ((y-‘)) = C[x]((q)), 
then 
fkY> = YlP + c .f;(xh’ E C[xl((y)). 
/>--m 
We shall call 17 the principal nth root of y-r and the above an A-rxpansiorz. Recall 
[4, p. 1501 
d, =n, 
M/- = min{ilf,(x) # 0, d#}, 
dj+l =gcd(n,M~;.‘,M,), 
M h+l = x2. 
The set of numbers {M,,{,} are called the characteristic data of the pair {f,g} with 
respect to x. 
Define a group action on the Jacobian pairs of mixed type by changing of variables 
x + (a + B>x + ccy, 
Y + BY> 
with (c( + P)P/Y-P = 1. Under this action, we get a new pair 
B(X> Y> = d(@ + B)x + ZY, BY) 
= (x + ~)~y”-” + lower degree terms, 
.f(x, Y) = .f‘((m + B)x + XY> PY) 
= (X + /1)4/7-4(x + y)q~,“‘-Y + lower degree terms. 
Namely, we consider the following linear one-dimensional algebraic group: 
G={(“:” ;) : (c( + p)“B”-” = 1, x,B E C 
1 
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which leaves the leading form of g(x, y) invariant. By investigating the action of the 
identity component Go of G, we can prove that n - p # p and n - 2 must be either 
A4h or MA_ 1. Notice that in [4], Moh had proved the following two important theorems 
whose result are stronger than what we get: 
Theorem 1 (Moh [4, Proposition 4.31). Suppose that deg y(x, y) = deg, y(x, y ) = IZ > 1, 
and M, # n - 2 for j = 1,. , h. Then the highest homogeneous form of g(x, y) is a 
pobiw of a common linear jbrm (i.e. one point at ir$nite). 
Theorem 2 (Moh [4, Proposition 4.51). Suppose that deg g(x, y) = deg, g(x, y)=n > 1, 
and M,. = n - 2 ji)r some r. Then the highest homogeneous jbrm of g(x, y) is u 
poiver of u common ji)rm which bus at most two distinct linear factors. Moreover, 
the multiplicities jbr the two jbctors ure di#&ent. 
2. Preliminaries 
Lemma 3. Consider the v-expansion of y which inverts ‘1 = y-’ + x2(x)yP2 + : 
x 
y = y-’ + c h;(x)r/‘. 
1=0 
Thz hi(x) is u polynomial in x and deg h,(x) < i + 1. 
Proof. Homogenize the polynomial g(x,y). (We will use the same symbol to denote 
the homogenization.) Then in the expansion 
@,z) = g(x, y,z)_1:” = y-1 + cq(x,z)y--2 + ” 
each term will have the same degree - 1. 
It is easy to see that in the inverse expansion 
y&z) = q-l + 2 h;(x,z)q’ 
I=0 
each term has the same degree 1. We get deg h;(x,z) = i + 1 and deg hi(x) = 
deg h,(x, 1) < i + 1. El 
Lemma 4 ([Abhyankar [ 1] and Moh [4]). Let g he manic in y with constant JJj’,g) 
= c # 0. Then in the A-expansion u’e have 
c 
fn-l(X) = -x + f;l-l(O), 
n 
und 
degj)(x)=O ftir -m<j<n-2 
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Proof. According to the chain rule, we have 
Hence, 
Since 
y = 11-l + F hi(X)$, 
i=o 
we have 
?Y 
T-= -q-2+h,(X)+.“. 
L’)1 
Hence, 
On the other hand, from A-expansion we have 
J’(X,Y) = r?-” + c fj(XW. 
i>-m 
Therefore, f,(x) are constants for j < n - 1 and &I(X) = (c/n)x + f,,-I(O). 0 
Moreover, we also obtain the following result from the above computation. 
Lemma 5. Let g be manic in y ,i+th constunt Jx,,,(J’, g) # 0. Then in the A-expansion 
we have degJ;(x) < j - (n - 2) for ,j > n - I. 
Proof. Since 
Q(x) = -;(j - n)/?_,(x), 
C’X 
we get 
deg J)(X) 5 deg hi-,(x) + 1 
IO’-n-t I)+1 
= j - (n - 2). 0 
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where (a, b) = 1. Denote by d the gcd of p and n - p. Then p = ad, n - p = bd and 
a + b = n/d. Consider the identity component of G: 
Go={(‘;li ;) :(u+/?)agb= 1 where cc,pEC 
Notice that (a + b) divides m also and (x + fi)9~“-9 = 1 for (z,p) E Go. We can 
identify Go with C*: 
Go C* 
- (3 + /Vfi-’ 
II 
.,h 
i 
]P _ ;‘-a 
0 >)-a - y 
> 
where ar + bs = 1. By the way, consider x as a funcion of 7, 
Q) = ;‘h - ‘r’?. 
We obtain 
d@ 
d_(l)=(h+a). 
i 
Under the action of (x,/I) E Go, the Jacobian pair {f‘, 9) becomes another Jacobian 
pair { ,f, 9). Consider the A-expansion of {f, 4): 
&7(x, Y) = vi-“, 
where ,f)(r,p)(x) is a polynomial in x, /? and X. 
From Lemma 4, we know that f,(a,p)(x) IS a polynomial only in 2 and /3 for 
j < n - 2 and will be denoted by jj(a, p). 
Theorem 6. The j;‘s, j < n - 2, are invariunt under the action qf Go. 
Proof. See the appendix. 0 
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From the appendix and Lemma 5, we have 
J;lP*(cc,jq = fn-2(0, 1) + 5’X + “. 
for (x, b) near (0,l). Hence, .fn_z(r, /I) is not a constant function of x, i.e., fn-_2(1/) is 
a non-constant regular function on C*. 
3. The main result 
First, let us compute the derivative of fn-2(7): 
1 dJtnp2 
=--Cl) ;’ dy 
1 dj;,p2 dx 
=-p-(l) 
y dr di’ 
= b-a-’ f(h + a) Y 
= yb-a- I ” 
d’ 
Lemma 7. Let {f, g} h e a Jucohiun pair of mixed type 
g = (x + ~)~y”-~ + lower degree terms, 
f‘ = (x + ~)~y”-~ + lower degree terms, 
then p # n - p and a + b = n/d > 2. 
Proof. If p = n - p, then a = b = 1. Hence, 
dfn-2 
y(y) = y-I 2. 
Because fn-2(y) is a regular function, the order of (df,_z/dy)(y) cannot be -1. There- 
fore, p # n - p. 0 
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Theorem 8. Under the group action of Go the changing of fn_2 is the multiplication 
by the character (a + /3)/3, i.e., ,fn-2@,fl) = ,fn_2(0, 1)(x + fi)p. Moreover, we have 
.f;,-2(0,1) = cld(b - a>. 
Proof. From 
dfn-2 L&?) = j-a-’ ;, 
i 
we obtain 
J-2(;)) = ;,h-a 
Hence, 
fn-2(@AB) = (2 + BM,(,L_ a) + co. 
In Go, we have (r~ + fi>“fib = 1. Let x = 0. Then pa+’ = /Yld = 1. Consider the action 
by (0,/I). Then 
.fn-2(0, P> = Bid@? a) ~ fco. 
On the other hand, since (fly(@, fly))” = g(px, by)-’ and Pv@, fly) = (l/y) +. ., in 
the A-expansion we have 
ii(XY > = M/c BYI> 
.f (x3 Y) = f(h PY) 
= mx3 Pv>-” + c _ub)vr(/k PY)’ 
/>-In 
= f” + c f,(/?x)p-‘Qj. 
jr-m 
Hence, 
h-2(0, B> = B2fn-264 11, 
then 
co = 
( 
fn-2(@ 1) - d(b: a> b2. 
> 
From Lemma 7 we have n/d > 2. Since CO is a constant, we conclude 
fn-2(0,1) = 
d(b(- a) 
and co = 0. 0 
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Theorem 9. In the characteristic data of the pair { f,g}, either Mh or Mh_1 is 
n - 2. 
Proof. According to Theorem 6, j> is invariant under Ga for j < n - 2. On the other 
hand, the action of {(O,b) : /@’ = 1 } E Ga on j) will be fj,E’ (see the proof of 
Theorem 8 above). Hence, 
f = (a + b)jj 
if jj#O, j<n-2. 
Cuse (i): Mh < n - 2: 
3 =(a+b)J(n,M1,..., Mh) = 1. 
We get a contradiction since n/d > 2 by Lemma 7 
Case (ii): M; <n - 2 < A4;+l: 
3 =(a+b)l(n,MI ,..., M;)=(n,Ml,..., M,,n-2)=2. 
Again, we get a contradiction. 
Therefore, n - 2 must be some M,. Since (n,n - 2) = 1 or 2, n - 2 is either Mh or 
MA_,. 0 
Appendix 
In this appendix, we consider only (x, p) E Go near (0,l) where /I can be expressed 
by a convergent power series in SI: 
P(a) = 1 - &” + ‘. . . 
Hence, sometimes the action by (cc,~) will only be referred by c(. 
We would like to describe briefly why the following statement, which plays an 
essential role in the proof of Theorem 6, is true. The A-expansion of f’((a + p)x + 
xy, py) for (c(, /I) in a small neighbourhood of (0,l) will be 
with, y = +-’ + Cz, &x)6’ substituted into, and then grouping terms with respect 
to ij’. 
We first recall a theorem of Weierstrass: If u,(z) = C a,zj and u(z) = c aiz’ 
are meromorphic functions on {z: Izl < Y} with poles only at z = 0, and if c u,(z) 
converges to U(Z) uniformly on a relatively compact annulus {z: 0 < rt < z < Yz}, 
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then the Laurent series of U(Z) can be obtained by grouping terms of xun(z), i.e., 
a, = Ca,j. 
In defining the principal nth root of 4-l = g((r + p)x + ry, fly)-‘, we will do it 
simultaneously for all a,~, 1 /Y with 1% and 1 l/y1 sufficiently small and 1x1 bounded. 
Namely, we can define a map 
cf,: ’ ( > x,x, - - (TX, 6) Y 
where rj = q(r,x, l/y) is the principal nth root of g((sc + p)x + xy, fly)-‘. We will 
choose suitable open sets in both sides which are biholomorphic. The right-hand side 
open set will contain a relatively compact cylinder {(x,x, ii): 0 < ~1 < ICI < t;z} such 
that both the series y = fi-’ + Cz, &(x)ij’ and If-‘1 + Cz, I&(x)$ converge 
uniformly over { 1~1 < E, 1x1 <x0 and cl < 161 < ~2). 
Let 
1 
U= K > %X3; : Cl < IfI < E2 , I 
u, = 
i( > 
0,X, L 
Y 
: El < lfj < c2 
1 
and 
: ~3 < iql < s4 with cl < ~3 < ~4 < ~2 and 1x1 <x0/2 
Since Vo is relatively compact in Uo, we have (O,(cc + p)x + ccy, l/py) E Uo and 
(c(,x, l/y) E U for all x,1/y satisfying (0,x, l/y) E VO and 1~1 sufficiently small. Since 
both (0, (c( + fi)x + xy, 1 /fly) and (x,x, l/y) belong to U, we have 
1 n 
n 
V ( O,(a + P)x + ‘XY, fi > =g((a+p)x+ay,py)-‘=rj .,x,’ ( 1 Y 
Hence, 
+(il+mx+1Y,&) =+.I.;) 
with (I)” = 1. By evaluating the above equality at c( = 0(/J 
is, for (0,x, I/y) E VO and 1x1 sufficiently small we have 
‘I(w+mX+IY,~) =+x1;) =ii. 
Consider the infinite series 
1) we get w = 1. That 
(A.1) 
(A.21 
where each term f,((cc + p)x + zy(q))$ is a function of x,x and yi. Since j;((x + 
p)x + cxy) is a polynomial in y, f,((z + /3)x + ~y(f))y”’ will converge absolutely and 
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uniformly as y does. To get the infinite sum (A.2), we can evaluate them at (x,x, l/y) 
with x,1/y satisfying (0,x, l/y) t Vo and 1x1 sufficiently small: 
i 
f/((cc + /3)x + xy>q = f/((x + B)x + ccY)rl ( > TX, ; 
=.f/((cr-tfl)x+xy)r/ O.(l+/3)x+.,,& ( > 
i 
The equality 
f(4.Y) = y 0,x, + ( 1 
-I?? 
+ c f,(xh 0,x>; 
J 
,>-I?, 
(  (A.3) 
holds for (0,x, l/y) E U,, so we have 
f((a + B)x + NY, BY) = ri-” + c .t;((x + P)x + aJJ)iiJ 
i>-m 
(A.4) 
for (0,x, l/y) E V0 and ICY sufficiently small. Since the infinite sum (A.3) converges 
uniformly over Uo, we have that the infinite sum (A.4) converges uniformly over Vo 
and Ia/ sufficiently small. Under the map 4, the image of 
{(%x>;): (0,x,;) E v,,,l.41} 
will contain a smaller cylinder 
T = {(z,x,tj): E5 < If < Eg} 
with ~3 < ~5 < 86 < ~4. We then consider the meromorphic functions ,jj((a + /j’)x + 
ccy(q))QJ on the domain T. The series 
ii-” f c f,(<C! + j?)x + ccy)ijJ 
.1>-m 
is convergent uniformly on T. The Weierstrass theorem we quote above will assure 
that the procedure of grouping terms with respect to $ is correct. 
Note that f,_, becomes a power series in x after grouping: 
fn_z(cI) = fn_2(0,1) + ;a + “. 
Proof of Theorem 6. By definition, we have 
“I%, Y) = ii-” + c f;(& P)(x)iiJ 
jz-m 
=q-" + c fJ(X)ijj. 
j>-m 
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On the other hand, plug in ((CI + /3)x + ry, By) directly: 
.?(A Y) = .f‘((M + P)x + ZY, PY) 
=V --IE + c fi((x + p>x + ay)fi’. 
j>-m 
Grouping terms of the above with respect to e”, we get a power series whose sum is f. 
Since deg.f,(x) < j - (n - 2) fj((X + /3)x + CLY)+~’ for j > n - 2 will not have $- 
terms for k < n - 2. Therefore, fj, j < n - 2, is fixed for small CC Since fi(a,/?) is a 
polynomial in x and fi for j < n - 2, ,f, will be fixed on the whole component Go, 
i.e., j) for j < n - 2 are invariant under the action of Go. 0 
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